We show how the double vector bundle structure of the manifold of double velocities, with its submanifolds of holonomic and semiholonomic double velocities, is mirrored by a structure of holonomic and semiholonomic subgroups in the principal prolongation of the first jet group. We use the actions of these groups to construct holonomic and semiholonomic submanifolds in the manifold of double contact elements, and show that these give rise to affine bundles where a semiholonomic element has well-defined holonomic and curvature components.
Introduction
Since the time of Ehresmann it has been known that the velocities on a manifold E, the equivalence classes of maps R m ⊃ O → E under the relation of having the same value and derivatives up to some order r at zero, may be related to the contact elements, the equivalence classes of m-dimensional submanifolds under the relation of having r-th order contact at a point; the relationship involves the action of jet groups. It has also been known that nonholonomic jets, where the action of taking a jet is repeated, give a generalisation which is important when considering questions of integrability, and that there is an intermediate notion of semiholonomic jets where the generalisation is concentrated on just the highest order derivatives, and which gives rise to a well-defined concept of curvature. These generalisations apply to both velocities and contact elements, and it is of interest to discover the relations between them. An article by Kolář [3] (see also [4] ) describes these relations, using the principal prolongations of jet groups [2] to obtain nonholonomic contact elements from nonholonomic velocities. At a meeting in Kraków for the eightieth birthday of W.M. Tulczyjew, the author gave a talk which also considered these relations in the special case of double 1-velocities and double 1-contact elements, and the present paper describes some elements of that talk. We show that the first principal prolongation of the first order jet group does indeed have a kind of 'double structure' which is similar to that of the manifold of double 1-velocities. Indeed, the group was described in the talk as the 'double jet group', but Jean Pradines has suggested to the author that this might result in confusion with Ehresmann's double groupoid, and so the terminology in this paper has been modified: we now call it the 'principal jet group'. We show that this group has three distinguished subgroups, the first of which may be canonically identified with the second order (holonomic) jet group, the second of which has good claim to be called 'semiholonomic', and the third of which may be called a 'curvature' subgroup. Although the action of the whole group on the double velocity manifold is free only on a certain open submanifold, we show that the action of each of these subgroups is free on a larger submanifold which includes vertical velocities. In this way we are able to construct a split short exact sequence of vector bundles over the manifold of first order contact elements; we can therefore show that both the holonomic and the semiholonomic double contact elements form affine bundles, and that each semiholonomic element gives rise to a unique holonomic/curvature pair. Some of these results may also be obtained by considering submanifolds of Cartan spaces [3, 4] , and the author is grateful to Ivan Kolář for helpful suggestions on this and other matters.
Preliminaries
In this section we give a rapid survey of basic results on velocities; the original ideas were described in the works of Ehresmann [1] , and [2] is a useful reference. See also [6] for double structures, and [5] for semiholonomic jets.
Let E be a manifold (finite-dimensional, smooth, Hausdorff, paracompact) with dim E = n. The manifold of first order m-velocities in E will be denoted by T These submanifolds may also be described by considering distinguished maps O → T 1 m E. Given any map γ : O → E, its prolongation is the mapj 
This is the vector bundle over T 1 m E on whichT 2 m E is modelled; it may be decomposed into its symmetric and skewsymmetric parts,
The symmetric part is the vector bundle over T 1 m E on which T 2 m E is modelled, and the decomposition gives rise to a decomposition of semiholonomic double velocitieŝ
into holonomic and 'curvature' components.
The concept of regularity may be applied in several different ways to double velocities. One observation is that the pair of maps T 
It is often convenient to use local coordinates for proofs. If (U , u a ) is a chart on E then coordinates on the preimage
).
The double vector bundle projections are given by
and the exchange map is given by
The semiholonomic submanifold is therefore defined by the constraint equations u 
The structure of the principal jet group
The first order m-dimensional principal prolongation of a Lie group G is defined in [2] as the semidirect product of T 
The map is a global diffeomorphism but is not a group homomorphism.
Proof. Immediate in coordinates. 2
We may now define an element ( j 
The principal jet group and double contact elements
We define the right action of the principal jet group P 
and use properties of the separate actions of L Proof. This also follows easily from the coordinate formula. 2
then each quotient space is a manifold, and is the total space of a vector bundle over J . One may check that the coordinates are well-defined and give smooth transition functions, thus providing a manifold structure on the quotient. One may also check, using these coordinates, that the vector space structure on the fibres of V mτmE projects to the quotient, and that the v α ij are linear fibre coordinates corresponding to linear local trivialisations, so that V m J 
